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abstract
We investigated regular black holes with fuzzy sources in three and four dimensions. The
density distributions of such fuzzy sources are inspired by noncommutative geometry and
given by Gaussian or generalized Gaussian functions. We utilized mass functions to give a
physical interpretation of the horizon formation condition for the black holes. In particular,
we investigated three-dimensional BTZ-like black holes and four-dimensional Schwarzschild-
like black holes in detail, and found that the number of horizons is related to the spacetime
dimensions, and the existence of a void in the vicinity of the center of the spacetime is signif-
icant, rather than noncommutativity. As an application, we considered a three-dimensional
black hole with the fuzzy disc which is a disc-shaped region known in the context of non-
commutative geometry as a source. We also analyzed a four-dimensional black hole with
a source whose density distribution is an extension of the fuzzy disc, and investigated the
horizon formation condition for it.
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1 Introduction
Quantum features of spacetime have been discussed for a long time and there have been so many
trials to depict their physics. Instead of enthusiastic studies, we still do not know which manner
can be the most natural criterion to quantize a spacetime. Consequently, our starting point is to
investigate such a phenomenon that definitely appears when a spacetime is consistently quan-
tized. Spacetime noncommutativity is one of such features, even though there might be diverse
ways to impose noncommutativity[1, 2, 3, 4, 5]. We can naively expect that noncommutativity
makes various changes in the structures of spacetimes, in particular, black hole spacetimes and
the very early universe.
In this context, the authors of [6] investigated a four-dimensional spacetime with a source
inspired by noncommutative geometry. As a consequence of noncommutativity, they proposed a
source that has a Gaussian distribution e−r2/(2θ) instead of a delta function δ(3)(r) since we have
to abandon a picture of zero size object like a point particle and should replace it by something
smeared. Here θ is a noncommutative parameter that represents spacetime noncommutativity,
e.g., [x, y] = iθ in a two-dimensional space. They found that there can exist a black hole with
such a source at its center. It is a regular black hole in the sense that the curvature singularity
at the center is resolved since the matter source is diffused by noncommutativity. What we
want to focus on here about the black hole in [6] is that it can have two horizons as long as
an appropriate condition is satisfied, even though it is not charged, nor does it have an angular
momentum. The existence of a black hole with two horizons means that there would be an
extreme black hole where two horizons coincide and there would appear a remnant after the
Hawking radiation starting from a non-extreme black hole. This may change a story of the
black hole evaporation. Inspired by this fascinating scenario, a lot of works on black holes with
such Gaussian sources have been done so far [7, 8, 9, 10, 11, 12, 13, 14, 15].
One more thing we want to note is that there is always a solution for any density distribution
because the corresponding energy-momentum tensor of anisotropic fluid compensates for a con-
sistent solution to exist. This is another reason that many authors have been able to consider
these noncommutative geometry inspired black holes, which also has been referred in the context
of another type of regular black holes [16, 17, 18].
It is thereby natural that this research has been extended to three-dimensional black holes.
Though a three-dimensional spacetime is intrinsically different from a four-dimensional space-
time, as is well known, there exists the BTZ black hole in a three-dimensional spacetime with a
negative cosmological constant. The authors of [19, 20, 21, 22, 23] analyzed three-dimensional
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black holes with Gaussian sources which have similar structures to the BTZ black hole, in the
sense that the spacetimes are asymptotically anti de Sitter, but at the same time, there are de
Sitter cores around the centers on the contrary to the BTZ black hole. As we will see later, there
is no black hole with two horizons due to the core [23]. Motivated by this fact, the authors of [23]
and [24] introduced generalized Gaussian sources whose density distributions are proportional
to re−r2/(2θ) and r2e−r2/(2θ), respectively. The change of sources makes a black hole have two
horizons as long as an appropriate condition is satisfied.
The aim of this paper is to clarify what is physically essential for a spacetime with such
a fuzzy source to have a horizon. In particular, we are interested in how noncommutativity
changes the number of horizons. Here we want to move away from the specifics and consider
general properties. To this end, we utilize a mass function that denotes the mass within a given
radius. Such a mass function determines the condition for a spacetime to have a horizon, since
the necessary mass that must be included within the horizon radius is automatically determined,
once the radius of a black hole is given.
In the rest of this paper, we will investigate the existence of horizons and the number of
them for a three-dimensional black hole with a source described by a generalized Gaussian
rne−r2/(2θ), using a mass function and a characteristic function which denotes the horizon for-
mation condition. In order to do so, we will solve the Einstein equation with anisotropic fluid
corresponding to the source and the negative cosmological constant. Also, we will see that, for
a three-dimensional black hole, the existence of a void around its center is crucial to have two
horizons. We use a toy model whose density distribution is not related to noncommutativity to
check our statement.
Since the characteristic function we will propose here to judge the horizon formation is
intuitive and graphically versatile, we can apply it to various cases. In fact, we consider a
three-dimensional black hole with a source whose density distribution is originally motivated
by the fuzzy disc in noncommutative geometry. The fuzzy disc is a disc-shaped region in a
two-dimensional Moyal plane and its corresponding function is a sum of density distributions
represented by the generalized Gaussian functions. We will also investigate an extension of the
density distribution of the fuzzy disc type and a black hole around it in a four-dimensional
spacetime.
This paper is organized as follows. In Sec.2, we show how a mass function is used to determine
the horizon formation condition, using the Reissner-Nortstrøm black hole as an example, and
we apply the same manner to the four-dimensional black hole argued in [6]. In Sec.3, we will
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analyze three-dimensional black holes with fuzzy sources whose density distributions are given
by the generalized Gaussian functions. We will investigate the characteristic function for the
horizon formation condition in detail, and will see what is essential for a horizon to be formed.
In Sec.4, noncommutative geometry inspired black holes with sources motivated from the fuzzy
disc are considered. Sec.5 is devoted to conclusion and discussion. We also refer a black hole
spacetime with multi-horizon and the fuzzy annulus as its source.
2 Mass function and horizon formation condition
The existence of a black hole, in other words, the existence of a horizon, depends on how much
mass is condensed in a given region. Even if there is a large amount of mass, but it is too
diffused, a black hole horizon can not be formed. Since the sources we will treat in this paper
are smeared by replacing the delta function to the Gaussian functions, how much mass exists
within a given radius is essential for a spacetime to have a horizon. A mass function is intuitively
useful to express such a necessary mass.
2.1 Reissner-Nortstrøm black hole and horizon formation condition
In order to judge when a horizon is formed for a noncommutative geometry inspired black hole,
we can utilize a mass function. It is the profile of the mass distribution that is calculated by the
volume integration of a density. It also can be regarded as an effective mass that is obtained
by an analogue to the Schwarzschild mass. For example, let us consider the Reissner-Nortstrøm
(RN) solution. In G = c = 1 unit, the line element of the four-dimensional RN black hole is
given by
ds2 = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
)−1
dr2 + r2dΩ2(2), (2.1)
where M is the total mass in the spacetime, and Q is the electric charge of the black hole. The
existence of a horizon is determined by the divergent behavior of the (rr)-component of the
metric. In other words, the number of roots for the equation
f(r) = 1− 2M
r
+
Q2
r2
= 0, (2.2)
corresponds to the number of the horizons. If M > |Q|, the RN metric describes the black hole
spacetime with two horizons. They are located at r± = M ±
√
M2 −Q2. If M = |Q|, there is
a special type of a black hole with one horizon. This is an extreme RN black hole in which r+
and r− coincide. If M < |Q|, there is no black hole, but a naked singularity that does not have
a horizon.
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We can graphically clarify if a horizon exists or not by introducing a mass function. The
mass function m(r) for the RN black hole is defined as
m(r) = M − Q
2
2r
. (2.3)
Using m(r), the line element of the RN black hole is rewritten as
ds2 = −
(
1− 2m(r)
r
)
dt2 +
(
1− 2m(r)
r
)−1
dr2 + r2dΩ2(2), (2.4)
which can be regarded as the line element of the Schwarzschild black hole with the effective
mass m(r). Eq.(2.2) is also rewritten as
f(r) = 1− 2m(r)
r
= 0, (2.5)
which gives the horizon formation condition.
One of the advantages of this perspective is that it enables us to understand why an infalling
observer can avoid hitting the singularity at the center of the RN black hole. Actually, inside the
inner horizon (0 ≤ r ≤ r−), the mass function is always negative, which makes the gravitational
force effectively repulsive there [25].
Another advantage of introducing the mass function, which will become more significant in
the following analyses in this paper, is that it makes us possible to argue the horizon formation
condition based on the analogue of a well-known black hole. Though there is no geometrical
basis to define a mass function, we can choose a simpler and more useful one for a spacetime we
want to consider. Clearly, for four-dimensional regular black holes, we can use the Schwarzschild
black hole as such. The Schwarzschild horizon depends on its mass as
rh = 2M, (2.6)
which means that if there is a Schwarzschild black hole with radius rh, the total mass Mh = rh/2
must be included within radius rh. More precisely, if a mass included inside a sphere of radius
rh is equal to or larger than rh/2, a black hole is formed.
Applying this idea to the RN case, we can interpret the horizon formation condition using
the mass function as the existence of rh that satisfies
m(rh) ≥Mh = rh
2
. (2.7)
This condition states that once a horizon radius is given, the total mass that must be included
within the radius will be determined automatically. Of course, this condition obviously coincide
5
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Figure 1: Plot of h(x) with q = 1 defined in (2.9). The horizontal lines denote the values of
L/M . The number of intersections corresponds to the numbers of horizons.
with f(r) = 0, but our point of view is physically more apparent. For the RN case, the condition
for a horizon to be formed can be rewritten as
M − Q
2
2rh
≥ rh
2
⇔ 1
M
≤ 2rh
r2h +Q
2
. (2.8)
The existence of a horizon is determined by the number of intersections between the following
characteristic function
h(x) =
2x
x2 + q2
, (2.9)
and the constant function that represents the value of L/M . Here L is a typical length of this
spacetime, which is introduced to define dimensionless parameters L/M , x ≡ rh/L and q ≡ Q/L.
Now the condition (2.8) is translated to
L
M
≤ h(x) = 2x
x2 + q2
. (2.10)
The profile of h(x) is shown in Fig.1. By the way, we are writing the condition for the inverse of
mass 1/M , not for M . This is because h(x) does not diverge both around x = 0 and for x→∞,
which makes it simpler to analyze the behavior of the horizon formation condition around x = 0
and x→∞. This usage of the mass function have not been seen in the previous works.
The characteristic function h(x) takes its maximum value 1/q at x = q. L/M must therefore
be equal to or smaller than 1/q in order that at least one horizon exists. When M = Q (⇔
L/M = 1/q), there is one horizon, which corresponds to the extreme black hole. For M > Q,
there are two horizons. These facts on the RN black hole are well known.
We will investigate the horizon formation conditions for various sources in the same manner
in the rest of this paper. As mentioned before, there is no generally natural definition of a mass
function for an arbitrary spacetime, and we can use an suitable form for a spacetime we want to
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consider. In fact, we will consider an analogue of the BTZ black hole to define a mass function
in three dimensions, on the contrary to the Schwarzschild black hole in four dimensions.1
2.2 Horizon formation condition for a four-dimensional noncommutative ge-
ometry inspired Schwarzschild black hole
We want to apply the method in the previous subsection to investigate the horizon formation
condition for a four-dimensional regular black hole inspired by noncommutative geometry con-
sidered in [6]. The density distribution of the source of the black hole has a Gaussian shape2
ρ(r) ∝ e−r2/(2θ). Here θ is a noncommutative parameter that defines the canonical commutation
relation between space coordinates as
[x, y] = iθ. (2.11)
When this relation is imposed to a space, we can naively expect that there is no ‘zero-size’
object. For example, a source of the delta function type would be smeared and fuzzy. Then one
of the simplest realizations is to replace the delta function to a Gaussian function
δ(3)(r)→ exp
(
− r
2
2θ
)
. (2.12)
The authors of [6] made use of the fact that for any density distribution, there exist the cor-
responding solution for the Einstein equation because of compensating by an appropriate com-
ponent of the energy-momentum tensor of anisotropic fluid. In [6], the tangential pressure Tφφ
plays the role. This has been extend to various black holes, e.g., charged [7], rotating [11, 12],
or lower-dimensional [14] and higher-dimensional ones [26], and so on. The reference [13] is a
review of noncommutative geometry inspired black holes written by one of the authors of [6].
The solution shown in [6] is given by
ds2 = −
(
1− 2m4d(r)
r
)
dt2 +
(
1− 2m4d(r)
r
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
, (2.13)
where
m4d(r) = 4pi
∫ r
0
dr′r′2ρ4d(r′) = 4pi
∫ r
0
dr′r′2
M
(2piθ)3/2
exp
(
−r
′2
2θ
)
=
2M√
pi
γ
(
3
2
,
r2
2θ
)
, (2.14)
1 Furthermore, we can choose different types of mass functions if a black hole is charged and/or rotating,
similar to the RN black hole.
2 θ in this paper is twice as large as the one used in [6].
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Figure 2: Plot of h4d(x). The horizontal lines denote the values of
√
2θ/M . h4d(x) takes
the maximum value h∗4d = 0.525 at x = 1.51. When M >
√
2θ/h∗4d, there are two horizons.
When M =
√
2θ/h∗4d, there is one horizon, which corresponds to the extreme black hole. When
M <
√
2θ/h∗4d, there is no horizon, which means that no black hole is formed but a regular lump
of mass like a star exists.
is the mass function for this system.3 γ(a, x) is the lower incomplete gamma function related to
the upper incomplete gamma function as
γ(a, x) = Γ(a)− Γ(a, x). (2.17)
The normalization is determined by m4d(r =∞) = M , which gives the total mass in the whole
space.
Repeating the same argument for the RN black hole, we can interpret the horizon formation
condition as the existence of rh that satisfies
m4d(rh) ≥Mh = rh
2
⇔ 2M√
pi
γ
(
3
2
,
r2
2θ
)
≥ rh
2
. (2.18)
Introducing a dimensionless parameter x = rh/
√
2θ, the condition is interpreted as the existence
of x that satisfies
h4d(x) ≡
2γ
(
3
2 , x
2
)
√
pix
≥
√
2θ
M
. (2.19)
3 For a more general profile of density [9]
ρ4d(r) =
M
4piθ(2θ)
n+1
2 Γ
(
n+3
2
)rn exp(− r2
2θ
)
, (2.15)
the corresponding mass function is given by
m4d(r) = 4pi
∫ r
0
dr′r′2ρ(r′) =
M
Γ
(
n+3
2
)γ (n+ 3
2
,
r2
2θ
)
. (2.16)
We can apply the manner in this paper to this generalized distribution.
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n Q J Λ
Rahaman et al. [19] 0 0 0 < 0
Tejeiro & Larranaga [20] 0 0 < 0
Tejeiro & Larranaga [21] 0 ∝ e−r2/(4θ) 0 < 0
Rahaman et al [22] 0 ∝ rn+2 0 < 0
Myung & Yoon [23] 0, 1 0 0 < 0
Liang, Liu & Zhu [24] 2 0 < 0
Park [27] n 0 0 > 0
Table 1: Three-dimensional black holes with fuzzy sources
The plot of h4d(x) is shown in Fig.2. h4d(x) takes the maximum value ≈ 0.525 at x = 1.51,
which means that the extreme black hole exists when
M ≈
√
2θ
0.525
. (2.20)
For M which is larger than
√
2θ/0.525, there is a black hole with two horizons. This result
coincides with [6], multiplying two to θ to replace the noncommutative parameter used in [6].
3 Three-dimensional black hole with fuzzy source
3.1 Three-dimensional rotating regular black hole with anisotropic fluid
We can easily extend the analysis in the previous section to three-dimensional cases. To begin
with, let us show that there is a black hole which corresponds to any density distribution
ρ(r) also in three dimensions. As summarized in Table.1, various types of three-dimensional,
noncommutative geometry inspired black holes have been proposed so far. All of them were
modifications of the BTZ black hole by replacing densities of the delta function type to the
Gaussian type
ρ(r) ∝ e− r
2
2θ , (3.1)
or the generalized Gaussian type
ρ(r) ∝ rne− r
2
2θ (n ≥ 1). (3.2)
To consider a concrete spacetime, we first derive a three-dimensional, circular symmetric
solution of the Einstein equation with the negative cosmological constant
Gµν = 8piT
µ
ν + Λδ
µ
ν . (3.3)
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Λ is the cosmological constant which is related to the curvature length ` as Λ = −1/`2. In this
paper we use c = G3 = 1 unit, where G3 is the three-dimensional gravitational constant.
We want to consider a circular symmetric spacetime described by the following metric
ds2 = −f(r)dt2 + f−1(r)dr2 + r2 [dφ+Nφ(r)dt]2 . (3.4)
The spacetime denoted by this metric has an angular momentum that is similar to the BTZ
black hole.4 For the energy-momentum tensor Tµν , we impose the following ansatz
T tt = −ρ(r), T rr = pr(r), T φφ = pφ(r)
T φt = σa(r), T
t
φ = σb(r), others are zero. (3.6)
When we consider a rotating solution, i.e., Nφ 6= 0, the energy-momentum tensor can be no
longer diagonal. In fact, we can not set T φt = σa(r) = 0 to solve the equations of motion
consistently, though σb can be zero as we will see explicitly. This point is not referred in [20]
and [24] though the existence of the (φ, t)-component of the energy-momentum tensor does not
affect their conclusions. Since Tφt and Ttφ must be same, we find that σa and σb obey
σa =
(
− f
r2
+N2φ
)
σb +Nφ(pφ + ρ), (3.7)
which can be used to check the consistency.
Now we find that the Einstein equation Gµν = 8piT
µ
ν + Λδ
µ
ν reduces to
2f ′ + r2[rN ′2φ + 2Nφ(3N
′
φ + rN
′′
φ)] = 4r
(
−8piρ+ 1
`2
)
, (3.8)
2f ′ + r3N ′2φ = 4r
(
8pipr +
1
`2
)
, (3.9)
−3r2N ′2φ + 2f ′′ − 2Nφ(3N ′φ + rN ′′φ) = 4
(
8pipφ +
1
`2
)
, (3.10)
r(3N ′φ + rN
′′
φ) = 16piσb (3.11)
Nφ(f
′ + 2r3N ′2φ − rf ′′) + (f + r2N2φ)(3N ′φ + rN ′′φ) = −16pirσa (3.12)
They are (t, t), (rr), (φφ), (t, φ) and (φ, t)-components of the Einstein equation, respectively. The
prime denotes the derivative with respect to r. Besides them, we have to consider the covariant
conservation of the energy-momentum tensor Tµν;ν = 0. For µ = r, it gives a non-trivial equation
r
{
f ′(pr + ρ) + r2N ′φ(σa −N2φσb) +Nφ
[
σbf
′ − r2(pr + ρ)N ′φ
]}
+ f(2pr − 2pφ − 2Nφσb − rσbN ′φ + 2rp′r) = 0. (3.13)
4 Though the most general form of the metric with circular symmetry is given by [28]
ds2 = −e2α(r)f(r)dt2 + f−1(r)dr2 + r2 [dφ+Nφ(r)dt]2 , (3.5)
we focus on the type of metric (3.4) in this paper for simplicity.
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There are six equations (3.8)-(3.13) and one condition (3.7) for the symmetry of the energy-
momentum tensor to determine five unknown functions f,Nφ, σa, σb, pr and pφ. In deriving
solutions, we will put an ansatz to reduce the totally seven equations into six. The redundant
equation among the rest six equations is due to the Bianchi identity.
When we impose a simple ansatz σb = 0, Eq.(3.11) can easily be integrated as
Nφ(r) = − J
2r2
, (3.14)
which coincides with the BTZ case. J corresponds to the angular momentum of a black hole.
Substituting this into the other equations, we see that all the other unknown functions f, σa, pr
and pφ are determined as the functions of the energy density ρ
f(r) = −16pi
∫ r
0
dr′ r′ρ(r′) +
r2
`2
+
J2
4r2
,
= −8m(r) + r
2
`2
+
J2
4r2
(3.15)
σa(r) =
J
2r
ρ′(r) (3.16)
pr(r) = −ρ(r), (3.17)
pφ(r) = −(rρ(r))′, (3.18)
where we set an integration constant in f(r) to zero for this solution to coincide with the BTZ
black hole for a large r. m(r) is the mass function for a given density ρ, which is defined by
m(r) = 2pi
∫
dr′r′ρ(r′). (3.19)
The Ricci scalar for this solution in terms of f and Nφ is
R = −f ′′(r)− 2
r
f ′(r) +
1
2
r2N2φ(r). (3.20)
Substituting (3.15) and (3.14) to (3.20), we obtain
R = 16pi(3ρ(r) + rρ′(r))− 6
`2
+
J2
8r2
. (3.21)
The energy-momentum tensor with lower indices is given by
(Tµν) =

Ttt Ttr Ttφ
Trt Trr Trφ
Tφt Tφr Tφφ
 =

fρ+
J
2
(rρ)′ 0
J
2
(rρ)′
0 −ρ
f
0
J
2
(rρ)′ 0 −r2(rρ)′
 , (3.22)
which is diagonal only for J = 0 as mentioned before.
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3.2 Generalized non-Gaussian sources in three dimensions
We investigate spacetimes with various sources that appear in the context of noncommutative
geometry. As an instructive example, let us first see the spacetime with the generalized Gaussian
source, ρ ∝ rne−r2/(2θ). 5 To be more concrete, we consider the following density distribution
described by the generalized Gaussian function
ρn(r) =
M
2piθ(2θ)
n
2 Γ
(
n
2 + 1
)rne− r22θ . (3.23)
The corresponding mass function is
mn(r) = 2pi
∫ r
0
r′ρ(r′)dr′ =
M
Γ
(
n
2 + 1
)γ (n
2
+ 1,
r2
2θ
)
= M
1− Γ
(
n
2 + 1,
r2
2θ
)
Γ
(
n
2 + 1
)
 . (3.24)
Similar to the four-dimensional case, the mass function is normalized as mn(∞) = M using
Γ(n2 + 1,∞) = Γ(n2 + 1). The ratio of M to the noncommutative parameter
√
2θ determines the
horizon formation condition.
3.3 Black holes with a generalized Gaussian source and physical interpreta-
tion of their horizons
Hereafter we set J = 0 for simplicity, but the essence of our analysis does not depend on it and
we can extend this to the case with nonzero J . Putting the density distribution (3.23) to (3.18)
and setting J = 0, we obtain
ds2 = −fn(r)dt2 + f−1n (r)dr2 + r2dφ2, (3.25)
where
fn(r) = −8mn(r) + r
2
`2
=
M
Γ(n+ 1)
[
γ
(
n+ 1,
r2
2θ
)
+
r2
2θ
γ
(
n,
r2
2θ
)]
+
r2
`2
, (3.26)
pnr(r) = −ρn(r)
= − M
2piθ(2θ)
n
2 Γ
(
n
2 + 1
)rne− r22θ , (3.27)
pnφ(r) = −(rρn(r))′
= − M
2piθ(2θ)
n
2 Γ
(
n
2 + 1
) (n+ 1− r2
θ
)
rne−
r2
2θ . (3.28)
5 As summarized in Table.1, the black holes with n = 0, 1 and with n = 2 were investigated in [23] and [24],
respectively.
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In order to obtain the physical interpretation of the three-dimensional spacetime described
above, let us go back to see the BTZ black hole spacetime. The non-rotating BTZ solution is
represented by the following line element
ds2 = −
(
−8M + r
2
`2
)
dt2 +
(
−8M + r
2
`2
)−1
dr2 + r2dφ2. (3.29)
The horizon radius is given by
rh =
√
8M`2, (3.30)
which is determined by gtt = g
−1
rr = 0.
As shown in the previous sections, we can see this equation as the condition for the mass
that is necessary for a horizon with radius rh to be formed. In this case
M =
r2h
8`2
, (3.31)
is the necessary mass inside a circle with radius rh for the BTZ black hole to have the horizon.
We use this condition to judge whether the three-dimensional black hole with the generalized
Gaussian source can have a horizon or not.
For the spacetime described by (3.25)-(3.28), the mass function is calculated as (3.24). The
horizon formation condition is thereby interpreted as the existence of rh that satisfies
mn(rh) = M
1− Γ
(
n
2 + 1,
r2h
2θ
)
Γ
(
n
2 + 1
)
 ≥ r2h
8`2
, (3.32)
or equivalently, the existence of x that satisfies
hn(x) ≡ 1
x2
[
1− Γ
(
n
2 + 1, x
2
)
Γ
(
n
2 + 1
) ] = 1
x2
γ
(
n
2 + 1, x
2
)
Γ
(
n
2 + 1
)
≥ (
√
2θ)2
8M`2
, (3.33)
where x = rh/
√
2θ as before. The maximum value of hn(x) determines the existence of a horizon.
The behavior of the characteristic function hn(x) is very simple because it is just the multi-
plication of x−2 and the incomplete Gamma function. hn(x) asymptotically approaches to zero
when x→∞ since the upper incomplete gamma function Γ(a, x2) approaches Γ(a) for x→∞.
However, note that there is a difference between n = 0 and n ≥ 1 in the behaviors of hn(x)
around x = 0. Using the expansion of the upper incomplete gamma function
Γ(a, t) = Γ(a) + ta
(
−1
a
+
t
a+ 1
− t
2
2(a+ 2)
+ · · ·
)
, (3.34)
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Figure 3: Profiles of h0(x) (left) and h1(x) (right). The horizontal lines denote the values
of (
√
2θ)2/8M`2. h1(x) is chosen as a typical example for n ≥ 1. For comparison, x−2 and
γ(n/2 + 1, x2)/Γ(n/2 + 1) are plotted in the dashed and the dotted curves, respectively.
we find that hn(x) behaves around x = 0 as
hn(x) =
xn
Γ
(
n
2 + 2
) +O (xn+2) . (3.35)
Therefore we obtain
hn(0) =
0 (n = 0),1 (n ≥ 1). (3.36)
Also, x−2 is a monotonically decreasing function and diverges at x = 0, on the contrary to the
lower incomplete gamma function γ(a, t), which is monotonically increasing and asymptotically
approaches to constant. Taking the behaviors of both functions around x = 0 into consideration,
we find that h0(x) is monotonically decreasing with h0(0) = 1, and hn(x) for n ≥ 1 has an
extremum at a finite x with hn(0) = 0. In both cases, hn(x) asymptotically approaches to zero
for x→ 0. Their behaviors are compared in Fig.3.
If the dimensionless constant (
√
2θ)2/8M`2 is smaller than the maximum value of hn(x),
there exist a horizon. For n = 0, since 0 ≤ h0(x) < 1, a horizon is formed when
0 <
(
√
2θ)2
8M`2
< 1. (3.37)
If 8M`2/(
√
2θ)2 = 1, there is a “black hole” at r = 0 whose radius is zero. So this condition
can be read as there must be enough mass within a radius for a horizon to be formed compared
with the noncommutative parameter θ which determines how much the mass is diffused and is
leaked out of the radius . This is a reasonable claim.6
6 In [19] the authors added M to fn(r) in order to make a spacetime anti-de Sitter around r = 0 using the
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For n ≥ 1, the horizon formation condition is given by
0 < h∗n ≤ 1 ⇔ M ≥
(
√
2θ)2
8h∗n`2
= M∗, (3.39)
where h∗n is the maximum value of hn(x). When M > M∗, there are two horizons. The existence
of two horizons is one of the peculiar features for n ≥ 1. If M = M∗, it is extremal and there
exist the black hole with one horizon, whose Hawking temperature is zero. We can expect that,
starting from a state with M > M∗, the mass M will decrease by the Hawking radiation to
the extremal. The existence of the extremal state means that there will be a remnant after
the Hawking radiation even for such a uncharged, non-rotating black hole. One more difference
between n = 0 and n ≥ 1 is about the energy conditions they satisfy. As mentioned in [6] where
the four-dimensional case with n = 0 is considered, the strong energy condition is violated for
the energy-momentum tensor given in [6], but the weak energy condition is satisfied. In the
three-dimensional cases, the weak energy condition is satisfied in the whole spacetime only for
n = 0. For n ≥ 1, the weak energy condition (ρ ≥ 0 and ρ+ pi ≥ 0) is translated to
ρn ≥ 0, ρn + pnr ≥ 0, ρn + pnφ ≥ 0. (3.40)
We can explicitly check that the first and second condition are always satisfied. The third one
is rewritten as
ρn + pφ ∝ rn
(
r2 − nθ) e− r22θ ≥ 0. (3.41)
Therefore ρn + pnφ is not necessarily positive in the whole space. We leave the detail analysis
and physical meaning of it for a sequent paper.
Although the existence of the black holes with two horizons for n ≥ 1 naively appears that
the noncommutativity works as a repulsive force in the vicinity of the centers of the black holes
just like the RN case, it is not completely true. In fact, in the three-dimensional case we have
seen above, there is no black hole with two horizons for n = 0. This was pointed out in [23] and
the authors analyzed the difference of the behaviors for n = 0 and n = 1.
Actually, the regularity in the whole space is realized because of the fuzziness of the source.
This can be understood by the Ricci scalar at r = 0. Using (3.21), we can calculate the Ricci
ambiguity of integration constant. By this modification, the mass function becomes
m(r) = M
(
1
2
− e− r
2
2θ
)
. (3.38)
The characteristic function h0(x) diverges negatively for x → 0 and does not take a finite value at x = 0.
Therefore h0(x) in [19] is not a monotonically decreasing function, but have a maximum at a finite x, which
makes it possible for the black hole to have two horizons as long as the mass M is large enough compared with
the diffusion determined by the noncommutativity defined there.
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scalar at the center of the spacetime as
R|r=0 =

6
`2
(
−1 + 8M`
2
(
√
2θ)2
)
(n = 0),
− 6
`2
(n ≥ 1).
(3.42)
For n ≥ 1, the Ricci scalar becomes a negative constant at r = 0, which is consistent with
the fact the mass function with n ≥ 1 is zero at r = 0 and the negative cosmological constant
Λ = −1/`2 is dominant there. For n = 0, there are three cases depending on the value of
8M`2/(
√
2θ)2. To be more concrete, we find
R|r=0 = 8M`
2
(
√
2θ)2

> 1 : de Sitter,
= 1 : flat,
< 1 : anti de Sitter.
(3.43)
As shown in (3.37), when a horizon is formed, 8M`2/(
√
2θ)2 is always larger than 1. There is a
de Sitter core in the center of the spacetime, which is similar to the four-dimensional case [6].
It is true that in four dimensions, there exist a black hole with two horizons even for n = 0 as
long as the mass is large enough. To understand the difference between the three- and the four-
dimensional cases, we have to compare the characteristic functions for their horizon formation
conditions. In the four-dimensional case, the condition is shown in (2.19). The essential part of
the characteristic function is given by
h4d(x) ∼ 1
x
γ
(
n+ 3
2
, x2
)
, (3.44)
for an arbitrary n, where ∼ denotes that we are extracting the relevant term. On the contrary,
in the three-dimensional case, the counterpart is given by
hn(x) ∼ 1
x2
γ
(
n+ 1
2
, x2
)
. (3.45)
The essential difference is the power of x in front of the lower incomplete gamma function that
controls the behavior around x = 0. It is clearly originated from the difference of dimensions
and intrinsic structures due to them that appears in gtt = g
−1
rr rather than noncommutativity.
To see it more clearly, let us consider a simple toy model in three dimensions whose density
is given by
ρ(r) =

3M
2piR3
r (0 ≤ r ≤ R),
0 (R < r),
(3.46)
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Figure 4: Plots of the toy density (left) and the characteristic function htoy(y) (right).
where R is a characteristic scale of length of the system. The profile of ρ(r) is shown in Fig.4.
The mass function for this density is
m(r) = 2pi
∫ r
0
dr′r′ρ(r′) =
M
( r
R
)3
(0 ≤ r ≤ R),
M (R < r).
(3.47)
Note that this model is not realistic in the sense that there is a gap the density and the mass
function at r = R, however, it is not crucial in the following argument on the existence of a
horizon. Actually, though we can consider a density that is smooth at r = R and has an almost
same profile as this toy model, it would not give an essential improvement to understand the
horizon formation condition.
Then repeating the same argument for the three-dimensional black hole with the generalized
Gaussian source, we find that the horizon formation condition is given by
R2
8M`2
≤ htoy(y) ≡

y (0 < y ≤ 1),
1
y2
(1 ≤ y),
where y is a dimensionless parameter defined by y = rh/R. The characteristic function for the
horizon formation condition is shown in Fig.4.
The extreme case corresponds to y = 1 ⇔ R =
√
8M`2. For R <
√
8M`2, there are two
horizons. This existence of two horizons, in particular the existence of the inner horizon in this
case, is a resultant of the void of the mass distribution around the center. This implies that
there might exist a black hole with two horizons as long as there is a void around the center and
enough mass is condensed in a given region, even if the spacetime noncommutativity does not
work directly.
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4 Regular black hole and fuzzy disc
4.1 Fuzzy disc as a source of a three-dimensional black hole
The analysis so far can be applied to other type of sources inspired from noncommutative
geometry in three dimensions. In [29], we considered the fuzzy disc, which is a disc-shaped
region in a two-dimensional Moyal plane [30, 31, 32]. A Moyal plane is a flat space defined by
noncommutative coordinates satisfying the commutation relation [x, y] = iθ. The algebra of
functions on this noncommutative plane is an operator algebra Aˆ generated by xˆ and yˆ, acting
on a Hilbert space H = l2 = span{| 0 〉 , | 1 〉 , · · · }. Here |n 〉 is an eigenstate of “the number
operator”
Nˆ |n 〉 = n |n 〉 , Nˆ ≡ aˆ†aˆ, (4.1)
defined by the creation and the annihilation operators, aˆ = (xˆ + iyˆ)/
√
2θ, aˆ† = (xˆ − iyˆ)√2θ,
respectively.
The fuzzy disc is defined by using an operator algebra Aˆ on a Moyal plane by restricting to
N ×N matrices in the number basis. It is obtained by the projection AˆN = PˆN AˆPˆN through
the rank N projection operator,
PˆN =
N−1∑
n=0
pˆn = pˆ0 + · · ·+ pˆN−1, (4.2)
where
pˆn = |n 〉 〈n | (n = 0, 1, · · · ). (4.3)
Instead of working with the operators, one can switch to the corresponding functions called
symbols by means of the Weyl-Wigner correspondence. The symbol map based on this corre-
spondence associates an operator fˆ with a function f as
f(z, z) = 〈 z | fˆ | z 〉 , (4.4)
where z = reiφ and | z 〉 is a coherent state defined by
aˆ | z 〉 = z√
2θ
| z 〉 . (4.5)
Then, the corresponding function to the projection operator pˆn is given by
pn(r) = 〈 z | n 〉 〈 n | z 〉 = e− r
2
2θ
r2n
n!(2θ)n
, (4.6)
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which is one of the realizations of the density distribution described by the generalized Gaussian
function in the context of noncommutative geometry. Here we used
〈 z | n 〉 = e− r
2
4θ
zn√
n!(2θ)n
, 〈 n | z 〉 = e− r
2
4θ
zn√
n!(2θ)n
. (4.7)
One can obtain the corresponding function for the fuzzy disc as well. Since the fuzzy disc is
a sum of the N projection operators from n = 0 to n = N − 1, the corresponding function for
the fuzzy disc is given by
PN(r) =
N−1∑
n=0
e−
r2
2θ
r2n
n!(2θ)n
=
Γ(N, r
2
2θ )
Γ(N)
. (4.8)
This function is roughly a radial step function that picks up a disc-shaped region around the
origin r = 0 with radius R =
√
2Nθ. On more details of how to find the corresponding function
to an operator, one can find in [29].
We now use the fuzzy disc as a source for a noncommutative inspired black hole in three
dimensions. As a density motivated by the fuzzy disc (4.8), we consider a spacetimes with a
density distribution
ρFDN (r) =
M
2piθN
PN(r) =
M
2piθ
Γ(N, r
2
2θ )
Γ(N + 1)
. (4.9)
The density distributions (that is, the shapes of the fuzzy discs) and the mass functions mFDN (r)
for N = 1, 2, 3 are shown in Fig.5 and Fig.6, respectively. They are normalized as
mFDN (∞) = 2pi
∫ ∞
0
dr′r′ρN (r) = M, (4.10)
as before.
Since the radius of the fuzzy disc is almost
√
2Nθ, the radii are about 0.44, 0.63, 0.77 for
N = 1, 2, 3 and θ = 0.1. The edge of the fuzzy disc becomes shaper as N →∞ with Nθ = fixed.
In Fig.7, we draw N = 100 and N = 1000 with Nθ = 1 cases, respectively. We can see that
their radii are almost
√
2Nθ ' 1.4 in Fig.7.
Using the mass function
mFDN (r) = 2pi
∫ r
0
dr′r′ρN (r′) (4.11)
=
M
Γ(N + 1)
[
γ
(
N + 1,
r2
2θ
)
+
r2
2θ
Γ
(
N,
r2
2θ
)]
, (4.12)
we explicitly write the horizon formation condition for the fuzzy disc as
mFDN (rh) ≥
r2h
8M`2
. (4.13)
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Figure 5: Plot of the density functions of the fuzzy disc type for N = 1 (solid), N = 2 (dashed)
and N = 3 (dotted). Here we set M = 1 and θ = 0.1.
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Figure 6: Plot of the mass functions corresponding to the fuzzy disc type source for N = 1
(solid), N = 2 (dashed) and N = 3 (dotted). Here M = 1 and θ = 0.1.
Introducing x = rh/
√
2θ, this condition is rewritten as
hFDN (x) =
1
x2
[
1− Γ(N + 1, x
2)
Γ(N + 1)
]
+
Γ(N, x2)
Γ(N + 1)
≥ (
√
2θ)2
8M`2
. (4.14)
The profiles of hFDN (x) for N = 1, 2, 3 are shown in Fig.8. Here N denotes how many annuli
are summed. The fuzzy disc with N = 1 is constituted of | 0 〉 〈 0 | only, and the fuzzy disc with
N = 2 is the sum of two annuli that corresponds to | 0 〉 〈 0 |+ | 1 〉 〈 1 |, ..., and so on.
If we choose an appropriate (
√
2θ)2/(8M`2), there can exist a black hole. For any N , as the
characteristic function hFDN (x) is monotonically decreasing, we find
M ≥ (
√
2θ)2
8h∗N`2
: one horizon,
M <
(
√
2θ)2
8h∗N`2
: no horizon,
(4.15)
where h∗N is the maximum of hFDN (x).
The Ricci scalar of this spacetime is positive at r = 0 for any N , which means that there is
a de Sitter core there. This is same as the three-dimensional black hole with ρ0(r) ∝ e−r2/(2θ)
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Figure 7: Plot of the density function for N = 100 (left) and N = 1000 (right) with Nθ = 1.
Their radii are ' √2Nθ.
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Figure 8: Plot of hFDN (x) for N = 1 (solid), N = 2 (dashed) and N = 3 (dotted).
as its source. Since the fuzzy disc source does not have a void in its center, its shape is similar
to that described by ρ0(r). So this is reasonable.
4.2 Extension to a four-dimensional black hole
It is interesting to extend this fuzzy disc source to a four-dimensional spacetime. This extension
corresponds to the source that is a sum of the thick matter layers considered in [9] with giving
certain weights to the layers. For a three-dimensional case with the fuzzy disc as its source,
two horizons can not be formed as we expected from the fact that there is no void around the
centers. However, in four dimensions, the situation will change. In four dimensions, we consider
the following density motivated by the fuzzy “disc”,
ρ4dFDN (r) =
3M
4pi(
√
2θ)3Γ(N + 32)
Γ
(
N,
r2
2θ
)
, (4.16)
and the mass function counterpart is given by
m4dFDN (r) =
M
3Γ
(
N + 32
) [γ (N + 3
2
,
r2
2θ
)
+
r3
(
√
2θ)3
Γ
(
N,
r2
2θ
)]
. (4.17)
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Figure 9: Plot of h4dFDN (x) for N = 1 (solid), N = 2 (dashed) and N = 3 (dotted). The horizontal
lines denote the values of (
√
2θ)2/8M`2. Though we draw the horizon formation condition only
for N = 1, the qualitative behavior does not change for an arbitrary N . In four dimensions,
there is a black hole that can have two horizons if it holds an appropriate condition.
The horizon formation condition is determined by
h4dFDN (x) =
2
3Γ(N + 32)
[
1
x
γ
(
N +
3
2
, x2
)
+ x2Γ(N, x2)
]
, (4.18)
where x = rh/
√
2θ as before. The behavior of h4dFDN (x) is shown in Fig.9. As we expected,
h4dFDN (x) has only one extremum at finite x. h
4dFD
N (x) asymptotically approaches to zero when
x → ∞ and it becomes zero at x = 0. We find that there is a black hole that can have two
horizons as long as there is enough mass M within a given volume. This is because the power of
divergence of the characteristic function around x = 0 is weakened from x−2 in three dimensions
to x−1 in four dimensions.
We can conclude that there are three cases, that is, two horizons, one horizon (the extremal)
and no horizon cases, respectively. For a black hole with two horizons, there would be a remnant
after radiation from the black holes. It is true that the behaviors of the source terms depend on
noncommutativity which is denoted by θ, but we may have to say that the possibility of remnant
is originated from the difference of dimensions and intrinsic structures of the spacetimes rather
than noncommutativity.
5 Conclusion and discussion
In this paper, we considered the black holes in three and four-dimensional spacetimes. These
black holes have the fuzzy sources inspired by noncommutative geometry. Noncommutativity
between space coordinates is translated to the Gaussian profiles of matter distributions repre-
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sented by the noncommutative parameter θ.
As investigated by many authors, there can be a black hole with two horizons for such a
source when enough mass is included within a given radius. In order to judge whether a horizon
is formed or not, we introduced the mass functions. Introduction of them makes it possible to
regard those black holes as Schwarzschild black holes with effective masses.
As an example, we first showed that how the mass function effectively works to investigate
the horizon formation condition in the four-dimensional case with the density distribution rep-
resented by the generalized Gaussian function argued in [6, 9]. Next we applied this manner
to the three-dimensional spacetime with the source described by the generalized Gaussian func-
tion. In the case of the three-dimensional spacetimes, the horizon formation condition depends
on whether the mass function evaluated at a given radius is larger than the mass of the BTZ
black hole. We analyzed the behaviors of the characteristic function for the horizon formation
condition in detail and found how the difference between the three- and the four-dimensional
spacetimes affects the horizon formation condition. The essential point of the horizon formation
is the existence of a void around the center of the spacetime, which is closely relates to the space-
time’s dimension rather than noncommutativity that is expected to work as a repulsive force
as a quantum effect. We saw this by giving the toy model that is apart from noncommutative
geometry inspired models.
Since our point of view by means of mass function and characteristic function is graphical
and intuitively understandable, we can easily apply it to any sources. In fact, we also considered
the black hole with the source whose density distribution is motivated by the fuzzy disc. For
such a fuzzy disc source with an arbitrary radius, a black hole can be formed as long as enough
mass is included inside a given circle. This behavior is similar to the three-dimensional black
hole with the density distribution ρ ∝ e−r2/(2θ). This is interpreted as both distributions do
not have a void at the centers of the spacetimes, but have de Sitter cores. The only difference
between them is the length of the plateaus from the origin. We also considered the sources
that have the same profile as the fuzzy disc in four dimensions. Since the fuzzy “disc” is an
three-dimensional object, it is just a toy model to check how the difference of dimensions works
on the horizon formation condition. In four dimensions, there can exist a black hole with two
horizons for the source whose density distribution is motivated by the fuzzy disc.
As for a void, we want to state that it might be interesting to consider a source whose
density distribution has the same profile as the fuzzy annulus we found in [29, 33]. The density
distribution of the fuzzy annulus can be written by the linear combination of arbitrary number of
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the generalized Gaussian functions. According the argument so far, we expect that there could
exist a black hole with two horizons even in three dimensions. Furthermore, there could be a
black hole with more than two horizons because it is possible to put any gap between annuli.
It is worth while analyzing the interior structure of such a spacetime relating to the Hawking
radiation as a probe [34], which is left for a sequent paper. Also, the detail analysis on causal
structure, geodesic motion of a particle, thermodynamics and so on would also be interesting.
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